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In',  roduct  io." 


r  presents  at*  3bsfraci-m..tauautical  :or- 
mulatun  c:  a  Large  Space  Structure  Control  problem 
experiment  being  conducted  by  the  Space  Controls  Branch 
(L.W.  Tayicr^)  at  the  NASA  Langley  Research  Center. 
Briefly,  the  physical  apparatus  consists  of  a  softly 
supported  antenna  attached  to  the  space  shuttle  by  a 
flexible  bean-like  truss.  The  control  objective  is  to 
slew  the  antenna  on  command  within  the  given  accuracy 
and  maintaining  stability,  based  on  noisy  sensor  data 
and  limited  control  authority;  allowance  must  also  be 
cade  for  random  disturbance.  The  control  forces  and 
torques  are  applied  at  the  shuttle  end  as  well  as  the 
antenna  end  and  in  addition  provision  is  made  for  a 
small  number  of  2-axis  proof-mass  actuators  along  the 
beam. 

The  beam  motion  is  modelled  by  partial  differen¬ 
tial  equations,  and  we  begin  in  Section  2  with  the  equa¬ 
tions  of  motion  as  derived  by  L.W.  Taylor.^  The  ab¬ 
stract  formulation  as  a  nonlinear  wave-equation  in  a 
Hilbert  space  is  given  in  Section  3.  Existence  and 
uniqueness  theory  is  in  Section  4.  The  basic  control¬ 
lability  results  are  in  Section  5  and  the  stabllizabl- 
1 ity  results  in  Section  6.  Of  the  variety  of  Control 
problems  possible  we  touch  only  on  the  time-optimal  pro¬ 
blem,  briefly  in  Section  7. 

2,  Equations  of  Motion 

We  shall  need  to  be  brief  here  —  for  necessary 
elaboration  see  [1].  The  equations  of  motion,  using 
the  continuum  model  (as  opposed  to  a  finite-element 
model)  consist  of  standard  beam  bending  and  torsion 
partial,  differential  equations  with  driving  end  condi¬ 
tions  and  forces  applied  at  the  locations  of  the  proof- 
mass  actuators. 
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These  are  the  angular  velocity  vectors  of  the  shuttle 
and  the  antenna  respectively.  Let 


gjU) 


H 

,I(° 

sl(t> 

,l(t) 

.*(t) 

«o 

h 

,*(t) 

appl ied 

- 

IF  , 

X 

Then 


gx(t)  -  -(Ij&j  +  -  M1(t)  -  Mpft)) 

gA(t)  -  -(I4i4 +u4®I4u4 -M4(t)  -  r®Fr(t))  -  m4re;. 
2 


where 


I4  +  m4 


-Vy 


-r  r 

x  y 

2 

r 

x 


0 

0 

2  2 

r  +  r 
x  y 


-u^(L-) 

ue(L-) 

z(L-) 


coordinates  of  beam  tip  , 


and 


r^,r  r  ,0V^-  r  f  ",  tbJ'fcCldjftds'  of  'Vef  ^ec^or 


'  ‘  .T  to  of  raass  wlth  resP0C 

•••  *rr.  2?  Ti  ‘  ^  ‘ 

i-  ntribution  if,  unlimited. 

;,:™!V.^JaEfInto™aU=n»1vUUU 


A  ,(t) 


•Yc) 


A  ,(t) 

'  «  * 

f„  j(t) 


f3u) 


fe>3(t) 


A  ,<t)  , 


f  u ) 


f.  ,(t) 
*  »■* 


U) 


a,  j_(t,0+'> 


:  ,  it: 


».,u.ii,s,)  +  m,i.fl  „ 

m,U-(t,S,)  +  m  --  , 

*  -  *•  2  -  ,2 


f3U) 


B3“:(t*S3)+03-i.3 


f,  (t) 


•  m3“e ( c .  s3>  +  m3“e,3  1 

1  0  r  ilV^i 


M' 


0  1  r 


Ug(L-)/  + 


y  'lywi 


y 

-F 


3.  Abstract  Formulation 


The  Hilbert  space  H  is  1-2  (0  ,L)  J  *  R1*  ,  0<L<“. 
The  points  s2,  s, ,  0  <  S2  <  sj  <  L  are  fixed.  We  de¬ 

fine  the  operator  A  on  the  domain  VcH,  consisting 


of  3*1  functions  u^(*),  Ug(*),  u^(*)  such  that 
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1-2-derivatives  in  [0,S2],  [s2,sj]  and  [sj,L];  u!{*) 

and  ul'(*)  *  L2  [0,L] ;  the  remaining  “scalar"  part 

(in  R1’)  is  specified  by 
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It  may  then  be  verified  that  V  is  dense  and  A  is  »■; 
adjoint  and  nonnegative  definite.  The  control  s>  stcr 
dynamics  are  then  formulated  as  a  nonlinear  wave  equal i 
over  H; 
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We  note  that  M  defines  a  self-adjoint  positive  defi¬ 


nite  {nonsingular)  linear  operator  on  h  ont, 
"control"  u ( 1 2  is  10*  1: 
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and  B  is  correspondingly  a  17  *  10  constant  matrix 
given  by 
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^°7xlo  denotes  7  *  10  zero  matrix) 


(1  denotes  10*10  identity  matrix)  , 

10*  1U 


N(t)  is  the  noise  disturbance  which  is  3*1  so  that 
F  is  17*3: 
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Final!.  K(x(.t))  is  a  nonlinear  funciion  of  x(tj 


We  also  have  the  M- inner  product: 

* 
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We  will  denote  the  corresponding  completed  spaces  bv 
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We  can  show  that  A  generates  a  dissipative  sen 
group  over  XT  and  an  unbounded  serr.i?roup_pver  . ^ . 

The  resolvent  is  compact  and  m  either  inner  product 
have  the  representation  for  the  semigroup  (sec  ;2j 
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•  denoting  vector  cross-product  and  Ij,  I4  are  non¬ 
singular  self-adjoint  3  «  3  (moment)  matrices. 


In  going  over  to  the  state-space  form  with 
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We  now  have  a  choice  of  inner  products.  The  energy 
inner  product  is: 


where 
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In  the  energy  inner  product,  P^  is  of  course  zero. 
Proportional  Damping 

There  is  reason  to  believe  that  we  may  assume 
"proportional"  damping.  [Private  communication,  L.K. 
Taylor.)  In  this  case  we  may  modify  A  to  be: 
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where  t  is  the  fixed  damping  factor.  In  this  case 
the  semigroup  is  exponentially  damped  in  the  energy 
norm,  although  not  of  course  in  the  M-norr.,  because  of 
the  nonemptiness  of  the  zero-eigen-function  space  of 
A  (and  hence  of  A),  which  are  not  affected  by  propor¬ 
tional  damping.  (We  may  characterize  «A  without 
invoking  the  modes,  although  we  shall  not  go  into  this 
here.)  See  |3J  for  more  on  square  roots. 

If  we  omit  the  nonlinearity  for  the  moment,  the 
linear  equation 
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has  the  energy-norm  solution  (modal  expansion,  zero  in¬ 
itial  conditions) 
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For  the  M-norm  case  we  must  of  course  add 
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- .  Existence  and  Uniqueness  of  Solutions 
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rime-opt Inal  Control 


J:  tr>e  variety  o:  control  probiecs,  we  shall  bri* 
ly  mention  time-optimal  control.  The  "rapid  sieving" 
requirement  to  anv  giver,  direction  within  ar.  error  err 
would  translate  at  tne  first  level  to  an  open-loop  oi- 
termir.istic  time-ortimai  control  problem  to  a  tarce’ 


-:i  :  t:.c  :uT.*ir.t‘jr  deterministic  equation: 

?  •  t )  c  Av  1 1 :  5u  ( t )  +  K  ( Y  ( i } '  .  ( A .  1 

The  :  unction  M*/  is  a  homogeneous  polynomial  of  de¬ 
gree  two  and  is  only  locally  Lipschitzian.  Neverthe¬ 
less  because  of  the  fact  that 
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we  can  show  that  there  is  no  explosion  and  that  the  in¬ 
tegral  version: 
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has  a  unique  solution,  continuous  In  t  (in  either 
norm)  with  the  bound  (under  no  damping) 
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I:  the  target  set  be  such  that  we  car.  fine  a  <  mir.  ir.: z : : 
sequence  of  controls  u  (•)  satisfying  the  constrain: 

with  corresponding  times  T  ,  and  we  may  as  well  as¬ 
sume  that 


It  is  not  difficult  to  prove  the  existence  of  an  optima 
control  ug(*)  corresponding  to  the  time  To.  We  may 
then  invoke  the  maximum  principle  of  Fattorini*1  (for  an 
appropriate  class  of  target  sets) . 

7.  Stabillzablllty 

The  abstract  formulation  does  make  the  problem  of 
stabilization  by  feedback  control  quite  accessible. 

This  is  because  (setting  noise-disturbance  to  zero)  it 
is  Immediate  from  (2.2)  that  setting 
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converges  to  the  solution  ("mild"  solution!).  The 
corresponding  theory  for  the  input  disturbance  will 
appear  elsewhere. 

5.  Controllability 

Our  main  result  is  that  the  system  is  (approxima¬ 
te!.  -  centre  1  laole  in  the  energy-norm  (in  some  time) 
3rd  n- 1  controllable  ir.  the  M-norm.  First  of  all  we 
observe  that  we  can  define  control  u^(c)  so  chat 

Buf(t)  -  -K(x( t ) )  . 

Thi->  feedback  control  makes  the  system  linear  in  other 
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The  existence  of  a  nonzero  x  (a  "tumbling  mode") 
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Hence  we  can  also  ensure  that  the  energy  decreases 
(does  not  increase): 
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for  any  matrix  P  which  is  positive  definite. 
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